In this paper, we present fixed point theorems of generalized (C)-condition mappings defined on weakly compact convex subsets of Banach spaces satisfying property (D). Moreover, we prove weak and strong convergence theorems for Ishikawa iteration of generalized (C)-condition mappings in uniformly convex Banach spaces.
Introduction
A mapping T on a subset E of a Banach space X is called a nonexpansive mapping if T x − T y ≤ x − y for all x, y ∈ E. We denote by F (T ) the set of fixed points of T , i,e., F (T ) = {x ∈ E : T x = x}. A mapping T : E → E is called a quasi-nonexpansive if F (T ) = ∅ and T x − z ≤ x − z for all x ∈ E and z ∈ F (T ). Suzuki [1] introduced a condition (C) and proved fixed point theorems and convergence results for mappings satisfying the condition (C). The condition (C) is weaker than nonexpansiveness and stronger than quasinonexpansiveness. Karapinar and Tas [2] suggested new definitions which were modifications of Suzuki's C-condition.
Takahashi and Kim [3] proved that let E be a nonempty closed convex subset of a uniformly convex Banach spaces X which satisfies the Opial property, and let T be a nonexpansive mapping of E into itself. Then, for any initial data x 1 in E, the iterate {x n } defined by y n = α n T x n + (1 − α n )x n, x n+1 = β n T y n + (1 − β n )x n , where α n ∈ [0, b] and β n ∈ [a, b] or α n ∈ [a, b] and β n ∈ [a, 1] for some a, b with 0 < a ≤ b < 1, converge weakly to a fixed point of T .
Dhompongsa et al. [4] presented the (DL)-condition. This condition describes the ratio of the Chebyshev radius of the asymptotic center of a bounded sequence to its asymptotic radius. It guarantees the existence of fixed points for compact convex valued nonexpansive mappings.
Dhompongsa et al. [5] proved a fixed point theorem for mappings with condition (C) on a Banach space such that its asymptotic center in a bounded closed and convex subset of each bounded sequence is nonempty and compact. Moreover, they presented fixed point theorems for this class of mappings defined on weakly compact convex subsets of Banach spaces satisfying property (D).
In this paper, we study fixed point theorems of generalized (C)-condition mappings defined on weakly compact convex subsets of Banach spaces satisfying property (D). Moreover, we prove weak and strong convergence theorems for Ishikawa iteration of generalized (C)-condition mappings in uniformly convex Banach spaces.
Preliminaries
Let E be a nonempty closed convex subset of a Banach space X and {x n } a bounded sequence in X. For x ∈ X, define the asymptotic radius of {x n } at x as the number
The number r and the set A are, respectively, called the asymptotic radius and asymptotic center of {x n } relative to E. It is known that A(E, {x n }) consists of exactly one point in a uniformly convex Banach space, see [7, 8] .
The sequence {x n } is called regular relative to E if r(E, {x n }) = r(E, {x n / }) for each subsequence {x n / } of {x n }. Goebel [6] and Lim [9] prove the following lemma. 
The following results can be found in [2] .
Definition 2.3 Let T be a mapping on a subset E of a Banach space
where
Definition 2.4 Let T be a mapping on a subset E of a Banach space X. Then T is said to satisfy (for all
x, y ∈ E) (i) Kannan-Suzuki-(C) condition (in short, (KSC)-condition) if 1 2 x − T x ≤ x − y implies that T x − T y ≤ 1 2 [ T x − x + y − T y ], (ii) Chatterjea-Suzuki-(C) condition (in short, (CSC)-condition) if 1 2 x − T x ≤ x − y implies that T x − T y ≤ 1 2 [ T x − y + x − T y ].
Proposition 2.5 Every nonexpansive mapping satisfies (SCC)-condition.

Proposition 2.6 Every nonexpansive mapping satisfies (SKC)-condition.
Proposition 2.7 If a mapping T satisfies (SKC)-condition and has a fixed point, then it is a quasi-nonexpansive mapping.
Proposition 2.8 Let T be a mapping on a subset E of a Banach space X and satisfy
Proposition 2.9 Let T be a mapping on a subset E of a Banach space X with Opial property and satisfy (SKC)-condition. If {x n } converges weakly to z and lim
Proposition 2.10 Let E be a weakly compact convex subset of a uniformly convex Banach space X. Let T be a mapping on E. Assume that T satisfies (SKC)-condition. Then T has a fixed point.
Proof. The proof is obtain by Theorem 36 of [2] . Lemma 2.11 ( [3, 10] ) Let X be a uniformly convex Banach space, let {t n } be a sequence of real numbers such that 0 < a ≤ t n ≤ b < 1 for all n ∈ N, and let {x n } and {y n } be sequences of X such that lim sup
The following definition is mild modification of the (DL)-condition. It was defined by Dhompongsa et al. [4] .
Definition 2.12 A Banach space X is said to satisfy property (D) if there
exists α ∈ [0, 1) such that for any nonempty weakly compact convex subset E of X, any sequence {x n } ⊂ E which is regular relative to E, and any sequence {y n } ⊂ A(E, {x n }) which is regular relative to E we have
Main Results
In this section, we prove our main results. 
Proof. If F (T ) = ∅, let z ∈ F (T ). By Proposition 2.7, we have
This implies that { x n − z } is a nonincreasing and bounded sequence, we can conclude that the limit of { x n − z } exists for all z ∈ F (T ). 
for all n ∈ N, where {α n } and {β n } are chosen so that α n ∈ [ 
By Proposition 2.7, we have
Further, we have
Case i:
≤ α n ≤ b < 1 and 0 < a ≤ β n ≤ b < 1. By (1)- (3) and Lemma 2.11, we have lim n→∞ T y n − x n = 0. By Proposition 2.8 and α n x n − T x n = x n − y n for all n ∈ N, we get
and we obtain
This implies that lim n→∞ T x n − x n = 0. Case ii: 0 < a ≤ α n ≤ b < 1 and 0 < a ≤ β n ≤ 1. By Proposition 2.7, we get T x n − z ≤ x n − z for all n ∈ N. This implies that lim sup
Consider,
This implies that
This implies that lim
By (1), (4), (5) and Lemma 2.11, we have lim n→∞ T x n − x n = 0. Conversely, suppose that {x n } is bounded and lim
This implies that T z ∈ A(E, {x n }).
Since X is uniformly convex, we have T z = z.
Lemma 3.3 Let E be a nonempty closed convex subset of a uniformly convex Banach space X, and let T : E → E be a mapping satisfying (SKC)-condition . Then x − T x ≤ 2 x − y + 5 T y − y holds for all x, y ∈ E.
Proof. Let x, y ∈ E. By Proposition 2.8, we have
Now we are ready to prove our a fixed point theorem.
Theorem 3.4 Let X be a Banach space satisfying property (D)
and let E be a weakly compact convex subset of X. Define a sequence {x n } by x 1 ∈ E and
Continue the procedure to obtain a regular sequence relative to E {x 
Thus, for each n,
Taking upper limit as n → ∞, we have
Since α < 1, we have {x m } is Cauchy. Thus there exist x ∈ E such that x m converges to x. Next, we show that x is a fixed point of T. For each m ≥ 1, Lemma 3.3 implies that
Hence lim m→∞ x m − T x m = 0. Finally, we see, by Lemma 3.3 once again , that
we get x − T x = 0. Thus x ∈ F (T ).
Finally, we briefly present weak and strong convergence theorems for Ishikawa iteration of generalized (C)-conditions mapping. 
for all n ∈ N, where {α n } and {β n } are chosen so that α n ∈ [ Proof. By Theorem 3.2, we have that {x n } is bounded and lim n→∞ T x n − x n = 0. Since X is uniformly convex, we have that X is reflexive. Then, there exists a subsequence {x n i } of {x n } such that {x n i } converse weakly to z 1 ∈ E. By Proposition 2.9, z 1 ∈ F (T ). Next, we show that {x n } converges weakly to z 1 . In fact, this is not true, so there must exist a subsequence {x n k } of {x n } such that {x n k } converges weakly to z 2 ∈ E and z 2 = z 1 . By Proposition 2.9, z 2 ∈ F (T ). Since lim This is a contradiction. Thus, we have z 1 = z 2 . This implies that {x n } converges weakly to a fixed point of T . Theorem 3.6 Let E be a nonempty closed convex subset of a uniformly convex Banach space X, and let T : E → E be a mapping satisfying (SKC)-condition . Define a sequence {x n } by x 1 ∈ E and y n = α n T x n + (1 − α n )x n , x n+1 = β n T y n + (1 − β n )x n , for all n ∈ N, where {α n } and {β n } are chosen so that α n ∈ [ Proof. By Theorem 2.10, F (T ) = ∅. Then, by Theorem 3.2, we get lim n→∞ T x n − x n = 0. Since E is compact, there exists a subsequence {x n k } of {x n } such that {x n k } converges strongly to z for some z ∈ E. By Proposition 2.8, we have
Letting k → ∞, we have that {x n k } converges to T z. This implies that T z = z. By Theorem 3.1, we have lim n→∞ x n − z exists. This completes the proof.
